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Abstract. In this paper we study elliptic equations with a nonlinear conormal 
derivative boundary condition involving nonstandard growth terms. By means 
of the localization method and De Giorgi's iteration technique we derive global 
a priori bounds for weak solutions of such problems. 



1. Introduction 

The present paper is concerned with global a priori bounds for elliptic equations 
with nonlinear conormal derivative boundary conditions which may contain nonlin- 
earities with variable growth exponents. More precisely, let f2 be a bounded domain 
in R N , N > 1, with Lipschitz boundary T := dtt and let p G C(f2) be a function 
that satisfies 1 < p~ := infjyp(x). We deal with elliptic equations of the form 

— div A(x, u, Vit) = B(x, u, Vu) in Q, 

(1.1) 

A(x, u, Vu) • v = C(x, u) on r, 

where v{x) denotes the outer unit normal of il at x e T, and A, B and C satisfy 
suitable p(ir)-structure conditions, see (H) below. 

An important special case of (|1.1|) which fits in our setting is given by 

-A p{x) = B(x,u,Vu) in ft, \Vu\ v{x) - 2 d v u = C{x,u) on V. 

Here the operator div A becomes the so-called p(x)-Laplacian 

A p{x) u = div(|Vu|^- 2 V U ), 

which reduces to the standard p-Laplacian if p(x) = p. 

In recent years there has been a growing interest in the study of elliptic problems 
with a p(x)-structure, which are also termed problems with nonstandard growth 
conditions. Equations of this type appear in the study of non-Newtonian fluids with 
thermo-convective effects (see Antontsev and Rodrigues [4], Zhikov [35]), electro- 
rheological fluids (see Diening [5], Rajagopal and Ruzicka 29 , Ruzicka [3Tj). the 
thermistor problem (see Zhikov [36 ) , or the problem of image recovery (see Chen 
et al. 0). 

Throughout the paper we impose the following conditions. 
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(H) The functions A : fixlxl" -)■ R N , B : QxRxR N -)■ E, andC : TxK — > R 
are Caratheodory functions satisfying the subsequent structure conditions: 

(HI) \A(x,8,€)\<ao\t\* x )- 1 +ai\a\ mix) 'pfcr + a 2 , for a.a. x e fi, 

(H2) A(x,a,0't> a 3 \£\ p(x) -a 4 |s| 9o(a;) - a 5 , for a.a. z e 0, 

/ qg (:c) — 1 / \ 1 

(H3) |B(x,s,OI < bolCr" " 551 * 5 " +&i|s| 9o(a:Kl + & 2 , for a.a. i e 11, 
(H4) \C(x, s)| < colsl 91 ^^ 1 + ci, for a.a. .t e T, 

and for all s € K, and all £ € M^. Here aj, 6j and c/ are positive constants, 
p E C(£l) with infQ-p(x) > 1, and qo S C(f2) as well as gi G C(r) are 
chosen such that 

p{x) < qo(x) <p*(x), x S f2, and < <7i(x) < p*(a;), x e T, 

with the critical exponents 

»•(*)- if ^ )<7V ' .W-l^ 1 ifp(X)<7V ' 
|+oo ifp(x)>JV, \+oo if p(ac) > JV. 

A function u s H /rl ' p ^'- ) (ri) is said to be a weak solution (subsolution, super- 
solution) of equation (jl.ll) if 



■4.(2, w, Vm) • V(pdx = (<, >) / u, Vujtpdx + / C(x,u)<pdcr, (1-2) 

holds for all nonnegative test functions ip £ W 1,p (')(fi), where dcr denotes the usual 
(iV — l)-dimensional surface measure. 

This definition makes sense, since thanks to assumption (H) the integrals in (|1.2p 
are finite, by Holder's inequality and embedding results for H /1,p ' - ) (f2)-functions, 
see below. 

The main goal of this paper is to prove a priori bounds for weak sub- and 
supersolutions, in particular for weak solutions of problem (jl.lj) . Using the notation 
y + = max(y,0), our main result reads as follows. 

Theorem 1.1. Let the assumptions in (H) be satisfied. Then there exist positive 
constants a = a(p, qo, qi) and C = C(p, qo, <7i, 03, «4, «5, bo, b\, bi,co, c\,N, fi) such 
that the following assertions hold. 

is a weak subsolution of then 

u+ ax + / u+ da 
q Jr 



ess sup u < 2 max ( 1 , C 

a. 



(ii) Ifu G W^^fi) is a weak supersolution of then 

{-u)f (x) dx+ [ (-u) q ; {x) da 



ess inf u > —2 max 1, C 
n ~ \ 

Note that the constants do, a±, a 2 , which appear in (HI), do not play any role in 
determining the constants a and C . The finiteness of the right-hand sides in (i) and 
(ii) is a consequence of the compact embedding W 1,p ^(fl) — > L q °(''(Q) and the fact 
that the trace operator is a bounded operator from W 1,P ^'\Q) into L qi ^(T) (see 
Fan et al. JT5J Theorem 1.3] and Fan [12l Corollary 2.4]). We further point out that 
we merely assume continuity for the variable exponents p, qo, and qi; log- Holder 
continuity conditions are not required. 
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Our proof of Theorem 1 1 . 1 1 uses De Giorgi's iteration technique and the localiza- 
tion method. By means of the latter we are able to reduce the estimates involving 
variable exponents to ones with constant exponents, which then also allows us to 
apply classical embedding results. This crucial step in the proof is achieved by 
means of an appropriate partition of unity. 

By the definition of sub- and supersolution of (jl.lj) one easily verifies that a weak 
solution is both a weak subsolution and a weak supersolution. Hence we have the 
following. 

Corollary 1.2. Let the assumptions (H) be satisfied and let u G W 1,p ^'\Cl) be a 
weak solution of Then u G L°°(CT) and the estimates in (i) and (ii) from 

Theorem \1.1\ are valid. 



The main novelty of the paper consists in the generality of the assumptions 
needed to establish the boundedness of weak solutions to In particular the 

assumptions on the nonlinearity C are rather general, allowing for a growth term 
with variable exponent, which seems to be optimal. Another novelty is the use of 
the localization technique in the context of global a priori estimates for problems 
with variable exponents and nonlinear conormal derivative boundary conditions. 

Let us comment on some relevant known results on elliptic problems with ^re- 
structure. Local boundedness of solutions to the equation 

— div A(x, u, Vti) = B(x, u, Vw) in fi, (1-3) 

has been studied by Fan and Zhao |16j . There it is shown that under suitable 
structure conditions every weak solution u of (II. 3[) (corresponding to test functions 
ip 6 Wq (CI)) belongs to Lf£ c (Cl), and if in addition u is bounded on the boundary 
r, then u G L°°(Cl). The proof uses De Giorgi iterations as well. Recently, Gasinski 
and Papageorgiou (see [THl Proposition 3.1]) studied global a priori bounds for weak 
solutions to the equation 

-Ap^ju = g(x,u) inO, 

du (1-4) 

— = on r, 

av 

where the Caratheodory function g : CI x K — > M satisfies a subcritical growth 
condition. They proved that every weak solution u G W 1,p (')(f2) of problem (|1.4[) 
belongs to L°°(Cl) provided p G C 1 (il) satisfying 1 < mm xl -^p(x). 

L°°-estimates for solutions of (jl.ip in case p(x) = p with qo(x) — qi(x) = p have 
been established by the first author in [33l|34] following Moser's iteration technique 
(for constant p see also Pucci and Servadei [25]). 

Concerning boundedness and regularity results for problems of type (jl.3l) . in 
particular for the special case 

- div(|V u\ p ^- 2 Vu) = 0, 

we further refer to Acerbi and Mingione [HH], Antontsev and Consiglieri [3J, Chiado 
Piat and Coscia [5J , Diening et al. [H] , Eleuteri and Habermann [TT] , Fan [T31 Q3] , 
Fan and Zhao [TH|, Habermann and Zatorska-Goldstein [50], Harjulehto et al. [21) . 
Liskevich and Skrypnik [25], Lukkari [26] [27] and the references given therein. 

The paper is organized as follows. In Section 2 we fix some notation and recall 
the definition of the variable exponent spaces L p ^'\Cl) and W 1,p ('\Cl). We further 
state a lemma on sequences of numbers which will be needed for the De Giorgi 
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iterations. The main result is proved in Section 3. From the structure conditions 
we first derive truncated energy estimates. These are then used, together with the 
localization method and embedding results, to prove suitable iterative inequalities, 
which in turn imply the desired a priori bounds. 



2. Notations and preliminaries 



Suppose that 57 is a bounded domain in 1* with Lipschitz boundary T and let 
p G C(S1) with p(x) > 1 for all x £ SI. We set p~ :— mm xf -^p(x) and p + := 
max xefi p( x )i then p~ > 1 and p + < oo. By L p (')(Sl) we identify the variable 
exponent Lebesgue space which is defined by 



u : SI 



is measurable and / \u\ p ^dx < +oo 





u(x) 


p(x) "| 


f >0: /„ 


dx < 1 \ 




T 





equipped with the Luxemburg norm 

l|w||if(0(n) = 

The variable exponent Sobolev space W 1,p ^ '^(Sl) is defined by 
W^ffl) = {ue L p ^({l) : |V«| £ L p ^(fl)} 

with the norm 

IMIw^p<->(n) = + ||w|Up()(n)- 

For more information and basic properties of variable exponent spaces we refer the 
reader to the papers of Fan and Zhao [17] , Kovacik and Rakosnfk [22] and the recent 
monograph of Diening et al. [10]. If p(x) = p is a constant, the usual Sobolev space 
W 1,P (S1) is endowed with the norm 

<A p dx 



% = max g (a;), 
u 



\\u\\w^p(n) = IJ \S7u\ p dx 

For q e C(O) and qi G C(T) (as in (H)) we define 

% 

= max(ji(x), q[ 
For s 6 [1, oo) we further use the notation 

if s < N, 
if s > N, S * 



Ns 
N-s 



rmnq (x), 
o 

min q\(x). 
r 



(N-l)s 
N-s 



if s < N, 
if s > N. 



The following lemma concerning the geometric convergence of sequences of num- 
bers will be needed for the De Giorgi iteration arguments below. It can be found, 
for example in 32 . The case Si = 82 is contained in [23] Chapter II, Lemma 5.6], 
see also [7] Chapter I, Lemma 4.1]. 



Lemma 2.1. Let {Y n }, n = 0, 1, 2, 
the recursion inequality 

Y n+1 < Kb n (r„ 1+ii + y„ 1+5 



be a sequence of positive numbers, satisfying 
n = 0,1,2,..., 
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for some b > 1, K > 0, and 02 > Si > 0. If 
then 

Y n <(2Ky^b~^b~^, neN, 
in particular {Y n } — > as n — 5- 00. 

3. Truncated energy estimates and proof of Theorem 11.11 

Our proof of the sup-bounds for weak subsolutions of ([l.ip is based on the 
following lemma on truncated energy estimates. 

Lemma 3.1. Let the conditions in (H) be satisfied. If u is a weak subsolution of 
there holds 

\X7u\ pi - x Ux < di f u qoi - x Ux + d 2 I u qi{x) da, 
where 

A k = {x e tt : u(x) > k}, T k = {x e T : u(x) > k}, k> 1, 

and di = 2a 3 ~ 1 (a4 + as + 61 + 62 + boe~( q ° +1 ' > ), d 2 = 2a 3 ~ 1 (co + c\), and e — 
mm(l )2 t). 

Proof. Let u £ W 1 ^^) be a weak subsolution of 1)1.10 and let k > 1. Taking 
ip = (u — k) + = max(w — k, 0) £ W 1,p ^(fl) (see [24] Lemma 3.2]) as test function 
in ()1.2|) with the '< '-sign we obtain 



A{x, u, Vit) • V(u — k)dx 

f , (3 ' 1} 
< / B{x 1 u, Vu)(u — k)dx + / C{x,u){u — k)du. 



>A k Jr k 
Using the structure condition (H2) we estimate the left-hand side of ()3.1|i as follows. 

A(x, u, Vu) • V(w — k)dx 

k 

/ A(x, u, Vu) • Vudx 
lt (3.2) 

(a 3 |Vw| p(:r) - ai \u\ qo{x) ~a 5 ) dx 



> 



>a 3 \Vu\ p(x) dx - (a 4 + a 5 ) / |u| 9o(;r) dx, 

JA fc JA k 
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as u q °( x ) > u > 1 in Ak- Now, we are going to estimate the right-hand side of (|3.ip 
By Young's inequality with e £ (0, 1] and condition (H3) we have 



< 



B(x, u, Vu)(u — k)dx 

b \\7u\ p(x)Si ^r + ^M*^)- 1 + b 2 



A, 



A,, 



90 C^)- 1 m 



(u — k)dx 

dx + (b 1 +b 2 ) I \u\ qo{x) dx (3.3) 



< b 

<b I e\Vu\ p ^dx + b I e -(9oW-i) u ?o(x) da , + ( 6i + b ^ I \ u \qo(x) dx 

JA k JA k JAk 

< eb [ \\7u\P^dx + (b e-( q " + b 1 + b 2 ) [ u qo ^dx. 

JAk v 1 JAk 

Thanks to condition (H4), the boundary integral can be estimated through 
C(x,u)[u-k)da < { (cqM 91 ^- 1 + ci)(u - k)da 



< (c + ci) / u qi ^da, 
as u > 1 on Tk- Combining (|3. 11) — (|3.4[) and choosing e — min(l, ^) gives 
\Vu\ p{x) dx 



(3.4) 



03 

2 



< (a 4 + a 5 + h + b 2 + b Q e- (q « +1 A / u q "^dx + (c + c x ) / u'^W. 

V 7 JA k JTk 

Dividing the last inequality by ^ > yields the assertion of the lemma. □ 
The corresponding result for supersolutions reads as follows. 

Lemma 3.2. Let the conditions in (H) be satisfied. If u is a weak super solution of 
there holds 

\Vu\ p{x) dx <d x { (-u) q °( x) dx + d 2 I (-u) qi< -^da, 



where 

A k = {x efl : -u{x) > k}, f fe = {x e T : -u(x) > fc}, k> 1, 
and d\ and d 2 are the same constants as in Lemma \3.1\ 



Proof. The proof is analogous to the previous one. We take ip = — (u + fc)_ = 
— min(w + fc,0) > as test function in (|1.2j) . which now holds with the '> '-sign, 
and use the same arguments as in the proof of Lemma 13. II This yields the asserted 
inequality. □ 

Now we are in position to prove the main result of this paper. 

Proof of Theorem 
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(i) Definition of the iteration variables Z n , Z n , and basic estimates. 

Let now 

k n =k[2-^-], n = 0,1,2,..., 



2 r ' 

with k > 1 specified later and put 

Z n := [ {u-k n )^dx, Z n := I (u - k n ) q ^da. 



We have 

r r f k \ qol - xS> 

Z n > {u~k n ) qo ^dx> u *0»0(i_ —?-) dx 



> / - . I ,„ u q °Wdx, 



and thus 



f u qo(x) dx < 2 q i {n+2) Z n . (3.5) 

Analogously, we see that 

u qi{x) da < 2 q t {n+2) Z n . (3.6) 



From (|3.5p - (|3.6p and Lemma [57X1 with k being replaced by fc„+i > 1 it follows that 

|V(u - k n+1 )\P^dx < d 3 a n (Z n + Z n ), (3.7) 



(3.8) 



where d 3 = max (d 1 2 2q o , d 2 2 2q ^) and a = max (2 q « ,2^. 
Furthermore, we have 

,, , r { U-k n \ qo{x) 
A kn+1 < / =- dx 

JA kn+1 \k n +i -k„J 
< / r-n (" - k n ) qo{x) dx 

< / (u - k n ) qo( - x) dx 

2?o"(n+l) 

= -Zn- 

fc«o 

(ii) Partition of unity. By compactness of fi, for any R > there exists a 
finite open cover {-Bi(i2)}i=i, TO of balls £?i := Bi(R) with radius i? such that 
^ C Uili-SiC-R)- Moreover, since p 6 C(H), 9o G C(O), and gi G C(r), these 
functions are uniformly continuous on £1 and T, respectively. Recalling that 

p( a; ) < 9o(a ; ) < p*(a;), a; € f2, and < <7i(x) <p*(x), x e T, 

we may take i? > small enough such that 

pt < g|L < (Pi)*, Pi < q£i < (Pi)*> i = l,...,m, 



8 



P. WINKERT AND R. ZACHER 



where 

p+ = maxp(x), = max q (x), 

Btnn ' Binn 

p~ = miap(x), qti = maxgi(x). 

We next choose a partition of unity {f;}™! C C^(M. N ) associated to the open 
cover {-Bi(-R)}i=i,..., m (see e.g. [301 Thm. 6.20]), that is, we have 

m 

supp^i C Bi, < & < 1, i = l,...,m, and ^^^i^l on f2. 

i=l 

Let i > be a positive constant such that 

|V&| <L, i = l, ...,m. 



(iii) Estimating the gradient term in ()3.7p from below. Using the parti- 
tion of unity from step (ii) we have 



(3.9) 



\V{u-k n+1 )\^dx 

P m 
= / \V(u-k n+1 )\P^Y,^ dx 

m ^ 

>E/ (iv( U -fe n+ i)|f. r -i)e^ 
»=i 

m « 

/ \V(u-k n+1 )\^tfdx-m\A kn+1 \, 

as & > £f* . From (|3.9|) we trivially deduce that for alH = 1, . . . , m, 

|V( U -£;„ + i)| p(2:) cfe> / |V( M -fc„ +1 )Kef r ^-m|A fe „ +1 |. ( 3 .i ) 

Combining (|3.7|l and (|3.10p and using ()3.8|> yields 

|V(« - k n+1 )\P^fdx < d 4 a n (Z n + Z n ) (3.ii) 



for any i = 1, . . . , m, with the positive constant d^ = d$ + m2 q ° . 

(iv) Estimating Z n+ \. Next we want to derive a suitable estimate for the 
term Z n+ i from above. To this end, we make again use of the partition of unity 
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introduced in step (ii). We have 



. / m \ % 

= / («-fc«+ir (x) dx 

jA * n+ i \t=i / 

i=i 



(3.12) 



»=l 



-+ tit 



where we have set q Qi = min B n jj qo(x). Observe that p~ < q^ i < qfa < (p~)* for 
all i = 1, . . . , m. 

Let now i G {1, . . . , m} be fixed, and suppose that r G {<7o~ii <7ch}- Then pj < 
r < (pi)* and r < g + , where q + = max(<7o", q^~). By Holder's inequality and the 
continuous embedding W 1<p ' (SI) <-> iPT)* (SI), we may estimate as follows. 



(u - k n+ i) r + ^dx 



< [ I (u-k n+1 )^ r ^'dx)^ r \A kn J C-f)' 



< C q 



(3.13) 



iv[( U -fc„ +1 )+^r" 



where C = max(l, C(p^, iV), . . . , C(p~, JV)) with C(pJ,N) being the embedding 

constant corresponding to the embedding W 1,p i (SI) » ) (fi), j = l,...,m. 
Thus C is independent of i. A simple calculation shows that the right-hand side of 
(|3.13j) can be estimated further to obtain 



(u - k n+1 ) r + &dx 



<d 5 [ \V(u - k n+1 )+\ p ~^ dx ) P ' \A kn+1 \ CD* 
In 



(3.14) 



+ d 6 



M x Ux) \A kn+1 \ <*P' 



Here d§ = d§(q + ,C) and d$ = ds(p + , q + , C, L) are positive constants, where L is 
the constant introduced in step (ii). 
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Using p.5j) . (|3.11[) . (|3.12j) . and p,14|) with r = and r = q ai , respectively, for 
i = 1, . . . , m, we get 



Z n+ i < m«° 



E 



d 5 ld 4 a n (Z n + Z n )\^ \A kn+1 \ CpD* 



+ d 6 (2"° +(n+2) ^) p ^ |A fe „ +1 | CP,-)' 
+ d 5 (rf 4 a"(Z„ + Z n )dx) ^ \A kn+1 \ ' 



Setting 



and r\ = max 



</o. 



(pD* 



(Pm)" 



we have for r € {gjj^, q^J 



r _|_ / _|_ \ n g+ 

(d 4 a"(^n + £„)) p « r < (4)^ ) (K„ + 5tf~ ) 



(2^ + (™+ 2 )z„) p * < hr J (y n + y„'- ), 

?? (y ri + r„ 1 - 1 ')- 



|4fe„+il <p - r) * < 2 9 (n+1) 



Using these estimates, we conclude from fl3.15[) that 

1 / 9 9 1+4- l+^V 

where c?7 and (is are positive constants that only depend on the data. 



(3.15) 



(3.16) 



(3.17) 



(v) Estimating Z n +\. We proceed similarly as in step (iv). Analogously to 
(13.121) we get an estimate for Z n+1 of the form 



v , , Jr k __ , . 



, (3-18) 



where = miriBjnr qi(x). Note that p^ < q^ i < q^ < {p~[)* for i = 1, . . . , m. 

Let now i € {1, . . . , m} be fixed, and suppose that r € {9i~i> 9i~i}> that is we 
have pi < r < (p~)* and r < q + . Define s = Sj(r) G (1, AT) by means of 



r + 1 



if {p i ), < oo, 
if (f>i~)* = 00 ■ 
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Then s < p i < r < s* < (p 4 )*. Since the trace operator maps T^ 1,s (0) boundedly 
into L r (T), we have, using Holder's inequality, 



((m - k n+1 ) + ^i) r da 



< C r 



< C q 



(|V[(u - fc„+i)+^]| s + |(« - K+ihti]') dx 



|V[(u - k n+l )+ii]\^ + \{u ~ k n+ i)+^ ) dx 



1 l^„ +1 | 



where C denotes the maximum of 1 and the norms of the trace maps 7 : W 1,s (Vt) — > 
L r (T) when r runs through set [JJLiiQi j , Qi j} ■ The right-hand side of the last 
inequality can be estimated to get 



((it - k n+1 ) + £i) r dcr 



< d, 



■> 1 / |V(ii - fc„ + i) + | p - ) 1 |Afc n+1 | 



(3.19) 



with positive constants cZg, cZio that only depend on the data. 

From (|3.5|) . p. lip . ()3. 18|) . and ()3.19|) with r = eft 4 and r = q^ i: respectively, for 
i = 1, . . . , m, we infer that 



Z„+i < m«f 



i 

d g (d 4 a n (Z n + Z n )^j "i \A kn+1 \ 



+ d 10 (2^(^) Zn ) "T \A kn+1 \ 



+ d 9 (d 4 a n {Z n + Z n )) *i \A kn+1 



*< <«!,<> 1 q l.i 



(3.20) 



Put 77 = max 



Similarly to (|3.16p we have for r S {^ij, 1\ j} 



d 4 a"(z„ + z n ) ) < (d 4 ) p- ^- ) (y B + r,r ), 

(g+) 2 (r»+2) ' 



2?5"(n+2)^ n )p« < 2 



14k 



1 " ' ( r > < 2 <?+(n+l) / 1 \ 



(r n + r„ p ), 



(3.21) 
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Finally, ([3^0]) and ([331]) imply that 

^n+i < du<% 2 — — ( r„ 9 1 + r„ 2 -" + ^ p + r n p J (3.22) 

where dn and di2 are positive constants that only depend on the data. 

(vi) The iterative inequality for Y n . Recall that Y n = Z n + Z n . Hence (|3.17|) 
and (pT22]) yield 

1 / , 9 1+^ l+^r-V 

Y n+1 < Kb n — r„ 2 + r„ 2 -" + Y n " + Y n » 



+ . . „ + 



-Yf + Y^ + Yl ' + Yn + p - V 



with K = max(c?7, dn), b — max(<i 8 , d 12 ), 77 = max(^, 77), and where < <5j < <5 2 
are given by 

di = mm(l,l - 77, — , — - rj,q^, 1 - r),q^ + — - 1, — -77), 
P P P P 



d 2 = max(l,l -77, — , r),q^, 1 - 77, + — - 1, 77). 

P P P P 



Without loss of generality we may assume that b > 1 . Now we may apply Lemma 
12.11 which says that Y n — > as n — >• 00 provided 

r„=/ n (« + l(u-k)^ d *< (3.23) 
Relation (|3.23p is clearly satisfied if 



Hence, if we choose fc such that 



= max 1, 



Cl(,/v -ly'l I / uf (x) dx + j u q ; {x) da 



q 



(3.25) 



then (|3.24[) and in particular (|3.23p are satisfied. Since k n — > 2k as n — > 00 we 
obtain 



ess sup u < 2k = 2 max | 1, 



(16iq*T6# ( f uf x) dx+ [ u q ; {x) da 



Tracing back the constants, we see that the first part of the theorem is proved. The 
supersolution case can be done analogously, replacing u with —u and Ak with A/-, 
and using Lemma 13.21 instead of Lemma 13.11 This completes the proof. □ 
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